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« Evidence for non-luminous matter from galactic rotation
curves, large scale structure of the universe, gravitational
lensing, etc

* Local Group (LG) dwarf spheroidal galaxies (dSphs) =
dark matter dominated satellites to the Milky Way or M31
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Structure

* Tremaine-Gunn Bound
A model robust lower mass bound for known dark matter density profile

e Density Profile Models
- Ruffini-Arguelles-Rueda (RAR) model

with inconsistencies
- Jeans analysis with Virial parameters
- Read-Steger profiles

based on Jeans+Virial analysis

 Mass bound with Read-Steger profiles
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The Tremaine-G

Limiting condition for the phase space density f(q,p),
derived from the fully degenerate Fermi gast*

9
(27n)

(1.1) fla,p)<

The phase space density is difficult to access in practice,
but coarse-grained phase space densities f(r,p) obey the
same limitl’l

| dmfpiq)

(p.q)

(12) f(q’p):vol(AH) .
f(r) as obtained by integrating f(r,p) over momentum space
reads

coo_plr) _ plr)
(1.5) f(r)_mV(r)ms_m44/37rviax(r)

ceris

Fully degenerate

EA

Partially degenerate
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The Tremaine-Gunn Bo

* Together, equations (1.1) and (1.3) yield the condition for the dark matter particle mass

(1.4) m>

h36ﬂ2p(r) 1/4
3
G Vi (T)

« Using the escape velocity as an estimate for v
p(r).

* Previous estimation for LG dSphs’]

(1) we only need to know the density profile

m=>=>269eV




Density profiles — The RAR i c=1

* The Ruffini-Argielles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

(2.1) T“'=(P+p)u“u’"—P g""
(2.2) ds’=e""dt*—e"" (dr’+rid Q)
(2.3) T"'=0
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Density profiles — The RAR b

c=1

* The Ruffini-Argielles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

N
(2.1) T V:(P+p) u“uV—Pg“V
P+p
(2.2) dSZZeV(r)dtz—e'u(r)(dr2+r2dQZ) > (2.6) 0,P+ > 0, v
(2.3) T!,/=0
; J
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Density profiles — The RA N

c=1

* The Ruffini-Arglelles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

\
(2.1) T“'=(P+p)u“u’"—P g""

P+p
(2.2) ds’=e""dt*—e"" (dr’+rid Q) > (2.6) 0P+
(2.3) T!,/=0

’ J

(2.4) dU=T dS—PdV +udN
(2.5) U=TS—PV+uN
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Density profiles — The R

34

c=1

* The Ruffini-Arglelles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

(2.1)

(2.2)

(2.2)

(2.4)

(2.5)

T“'=(P+p)u“u’"—P g""
ds’=e"" dt*— " (dr*+r’d @)
=0

dU=TdS—PdV +udN

U=TS—PV+uN

\

> (2.7) 0:(

\ (26) 0P+ LoV r)=0

W)alf—aim no.u



Density profiles — The RAR i c=1

Jul 14, 2020

The Ruffini-Arguelles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

2.7) 0

@)aﬁ—aimnaiu

6/21




Density profiles — The RAR i c=1

* The Ruffini-Argielles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

2.7) 0

@)aﬁ—aimnaiu
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Density profiles — The RAR

* The Ruffini-Argielles-Rueda (RAR) model is a dark matter model modified by 3 free parameters.

o,T 0,v
—+
T

(2.9)

(2.9)
(2.10)
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T=T,e *

v~V

2

u=u,e

34
c=1

2.7) 0
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Density profiles — The RAR 3 c=1

W=V Vo— V

0

(2.9) T=T,e ? (2.10) u=u,e >
* Fermi statistics relate density p(r) and pressure P(r) to temperature T(r) and chemical potential u(r)

E(p) _ ulr) )

-1

T e T () kT ()

(2.11)  flp.r)=

(212)  plr)=25 [ f(p.rE(p)d’p

2

(2.13)  PUI=25 5[ flpor)gsd’
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Density profiles — The RA 3 c=1

Vo—V VW~V

(29) T:Toe 2 (210) M:MOeT
* Fermi statistics relate density p(r) and pressure P(r) to temperature T(r) and chemical potential u(r)

E(p) _ ulr) )

-1

T e T () kT ()

(2.11)  flp.r)=

(212)  plr)=25 [ f(p.rE(p)d’p

2

1 3
(2.13) P(r)=2ﬁff(p,r)E’(’p)d p

* Tolman-Oppenheimer—Volkoff equation

(2.14) %22[2GM(r)+4ﬂGr3P(r)Hrz(l—2GM(r)/r”_1
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Density profiles — The R b c=1

Vo—V VW~V

(29) T:Toe 2 (210) M:MOeT

* Fermi statistics relate density p(r) and pressure P(r) to temperature T(r) and chemical potential u(r)

(211) f(p,r)= KT(r) KT(r)

1+exp

(212)  plr)=25 [ f(p.rE(p)d’p

2

5 1 P 3
(2.13)  P(=255[flpr)gesd’p

* Tolman-Oppenheimer—Volkoff equation
(2.14) %22[2GM(r)+4ﬂGr3P(r)Hrz(1—2GM(r)/r”_1
* Enclosed mass

(2.15) dd—ly:4yrr2p



Density profiles — The F

Vo—V Vo=V

(29) T:TOGT (210) M:MOeT

34

=1

* Fermi statistics relate density p(r) and pressure P(r) to temperature T(r) and chemical potential u(r)

(2.11)  flp.r)=|1+exp kr(ﬁ)>‘kMT((rr)))
(212)  plr)=25 [ f(p.rE(p)d’p

1 23
(2.13)  PO)=255 1 (par)grd'p

* Tolman-Oppenheimer—Volkoff equation
(2.14)
* Enclosed mass

(2.15) dd—ly:4m”2p

&Y =al2cm(rjranGrp(r)|ri-26 M)

p [Me/pc”3]

107*

m=10 keV, 0=1.125+10%~7), =1/0+30

AN

0.1 10 1000 10°
r [pc]
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Density profiles — The RAR moc

Issues in the non-relativistic limit
0. (r)=pn(r)=p(r)=mn(r)
1 3 m 3
ZFff(p,r)E(p)d pNZEff(p,r)d p

Vm?+ p*~m p’<i
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Density profiles — The RAR mc c=1

Issues in the non-relativistic limit

pe(r)=pa(r)=p(r)=mn(r)

_ 1 p 3
P(r)—zﬁff(p:r)E(p)d p

Z%ff(p,r)E(p)d3pN2%ff(p,r)d3p —

-~ P(r)<p(r)
\/ 2, .2 2
m+p~m p k1
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Density profiles — The RA

* |ssues in the non-relativistic limit

2

pe(r)=pa(r)=p(r)=mn(r)

1 p
P(r)=2— ,
. i (r) 3h3ff(p )55
2Fff(p,r)E(p)d3pN2Fff(p,r)d3p —_
P(r)<pl(r)
VmP+p*~m  pP<i
oT ov (p+P)+ ou 0T 0
T 2" ) eE
(2.8) This means that profiles are linearly dependent
@T+ aﬂuﬁ o;T ~0

Profiles are special cases, resulting from (arbitrary) assumptions
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Density profiles — The RAR c=1

Issues in the general case

-1

Mexp( V(T‘)—VO)_ Uy

(2.11)  f(p,r)= KT, 2 kT,

1+exp

(2.12)  pdr)=25 [ Fp.r)E(p)d’p

2

(213)  Pr)=2_= [ 1(pr) d’p

E(p)

P+

(26 aprovir)=——F"
\ J \ J

Y Y

“Fermi" “GR”
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Density profiles — The RAR

Issues in the general case

-1

E(p) vir)=vy, 1
kTOeXp( 2 )kTO

(2.12)  pdr)=25 [ Fp.r)E(p)d’p

(2.11)  flp.r)=

1+exp

2

(213)  Pr)=2_= [ 1(pr) d’p

Jul 14, 2020

E(p)

P+

(2.6) .16, v(r)=— Zpe
\ J \\ J

Y Y

“Fermi" “GR”

=1

dP/dv

Fermi |

0.005

0.050

v[R]

0.500
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Density profiles — The RAR c=1

* Issues in the general case

E — Yo 0 a

(2.11) f(p,r)=|1+exp —E%%%exp(14r; ‘/) ;23

1 ;
(212)  pdri=25 f(p.r)E(p)d’p N

2 %
2.13 —y L [PE
( ) P(r> 23h3‘[f(p’r)E(p) P
P+p ok 0005 0050 0500 5
2.6 . , = €
(2.6) 0,P10,v(r) 5 VIR
\ J \ J
Y Y
‘Ferm®  “GR’ Profiles violate energy-momentum conservation
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Density profiles — Jeans ana

projection of galaxy onto the sky

line of sight
to center of the galaxy

Observer on Earth

line of sight
to position of star

T10$2

Observer on Earth

J o (0P p=1



Density profiles — Jeans ana

* Boltzmann equation in spherical coordinates

2 2 2
0
(3.1) Of p 0L P00l Po_0Of (0®_Po__Ps_y0f (0 _PycoS0)0f 0@ of _
ot “or 200 pin?90¢ “or * rPsin?0 0p, 99 r*sin0’op, 99 dp,



Density profiles — Jeans

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
ot “ror 200 202099 ‘or r* Psinfg’ 0p, 00 rsin®e’ dp, a¢8p¢

-
i

Integrals over momentum coordinates

o 0 2 ob,1 =

c —D> (3.2  —— +0——+— =

2 | (5:2) or \rPTP 5y r,oer/J’ 0

('5 i

>0 vt '

> v 0 (i, 2B =2 3 dCI)—z:O

; (3.3) Zolov)+="=pvi+3p= =V,

S — — -
S > (34) 4prVf+r%(prVf)w%—?Vfr—pV?:O

p=—(Vi#vi)I(2v))+1  B'=1-3vv/(2v})

profiles



Density profiles — Jeans

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
ot “ror 200 202099 ‘or r* Psinfg’ 0p, 00 rsin®e’ dp, a¢8p¢

-
i

Integrals over momentum coordinates

| - 1 —

o > (3.2) %v?p+p%%+;pv52[5=0
o 0 (2B e, AP
‘ . 6r(ﬁvr)+ rﬁvr+3_,odtv,—0

| 5 o d®r a_
> (3.4) 4prVf+r%(prVf)wG—Vfr—pV?—O

Jeans equations
<
~
w
w
N—r

p=—(Vi#vi)I(2v))+1  B'=1-3vv/(2v})

profiles



Density profiles — Jeans

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
ot “ror 200 202099 ‘or r* Psinfg’ 0p, 00 rsin®e’ dp, a¢8p¢

-
i

Integrals over momentum coordinates

o 02 00, 1 =

c [> 3.2 —_— + _+_ —

5 PO Foviprp G ipvi2p=0

o

: 777777777 ]

o v 0 (i, 2B =2 3, 4P 2

A

S -
S o> (3.4) 4P\If_vt2+r%(pvaf)+p%—?v_fr—p\£:o

p=—(Vi#vi)I(2v))+1  B'=1-3vv/(2v})

profiles



Density profiles — Jeans

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
ot “ror 200 202099 ‘or r* Psinfg’ 0p, 00 rsin®e’ dp, a¢8p¢

-
i

Integrals over momentum coordinates

o 0 2 ob,1 =

c —D> (3.2  —— +0——+— =

2 | (5:2) or \rPTP 5y r,oer/J’ 0

('5 i

>0 vt '

> v 0 (i, 2B =2 3 dCI)—z:O

; (3.3) Zolov)+="=pvi+3p= =V,

S — — -
S > (34) 4prVf+r%(prVf)w%—?Vfr—pV?:O

p=—(Vi#vi)I(2v))+1  B'=1-3vv/(2v})

profiles



Density profiles —

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
B} ot "ror 00 piin?’gd¢d “or  rsin’9 0p, 90 r*sin*e’0p, 99 0p,
Integrals over momentum coordinates Integrals over spatial+momentum coordinates
2 L (32) Dyl s b g (25) 3 S RVIARIRAR=2 [ plr) L2
2 | or ”O’Oér r’or o '
© | =
© | B . N ® o o[ 2 \dd
T V@3 Lo+ pviespd®y=g b 26 [ivieRar=2], pvf(l_gﬁ)Wﬁdr
o | or r dr =
S . - L 2
S s (3.4) 4pvaf+r%(pvaf)w%—?vfr—pvfzo > S (3.7) f:2v§OSR3dR:2f:pvf(l—gﬁ)‘ij—f)ﬁdr

B=—(vi+v)I(2v)+1  B'=1-3v’vZ/(2v})

profiles parameters



Density profiles —

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
B} ot "ror 00 piin?’gd¢d “or  rsin’9 0p, 90 r*sin*e’0p, 99 0p,
Integrals over momentum coordinates Integrals over spatial+momentum coordinates
2 L (32) Dyl s b g (25) 3 S RVIARIRAR=2 [ plr) L2
2 | or ”O’Oér r’or o :
© | =
© | B . N ® o o[ 2 \dd
T V@3 Lo+ pviespd®y=g b 26 [ivieRar=2], pvf(l_gﬁ)Wﬁdr
o | or r dr =
S - . L 2
S s (3.4) 4pvaf+r%(pvaf)w%—?vfr—pvfzo > S (3.7) f:2v§OSR3dR:2f:pvf(l—gﬁ)‘ij—f)ﬁdr

B=—(vi+v2)I(2v)+1  B'=1-3vvZI(2v})

profiles parameters
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Density profiles —

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
B} ot "ror 00 piin?’gd¢d “or  rsin’9 0p, 90 r*sin*e’0p, 99 0p,
Integrals over momentum coordinates Integrals over spatial+momentum coordinates
2 L (32) Dyl s b g (25) 3 S RVIARIRAR=2 [ plr) L2
2 | or ”O’Oér r’or o '
© | =
© | B . N ® o o[ 2 \dd
T V@3 Lo+ pviespd®y=g b 26 [ivieRar=2], pvf(l_gﬁ)Wﬁdr
o | or r dr =
S . - L 2
S s (3.4) 4pvaf+r%(pvaf)w%—?vfr—pvfzo > S (3.7) f:2v§OSR3dR:2f:pvf(l—gﬁ)‘ij—f)ﬁdr

B=—(vi+v)I(2v)+1  B'=1-3v’vZ/(2v})

profiles parameters



Density profiles —

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
B} ot "ror 00 piin?’gd¢d “or  rsin’9 0p, 90 r*sin*e’0p, 99 0p,
Integrals over momentum coordinates Integrals over spatial+momentum coordinates
23y Oyl b @ (35) 3 S RIVARIRAR=2J )2 g,
2 | or ”O’Oér r’or o '
T - i =
o | - . B © v —[. 2 \dd
T V@3 Lo+ pviespd®y=g b 26 [ivieRar=2], pvf(l_gﬁ)Wﬁdr
o | or r dr =
S | . - o 2
S s (3.4) 4pvaf+r%(pvaf)w%—?vfr—pvfzo > S (3.7) f:2v§OSR3dR:2f:pvf(l—gﬁ)‘ij—f)ﬁdr

B=—(vi+v)I(2v)+1  B'=1-3v’vZ/(2v})

profiles parameters



Density profiles —

e Boltzmann equation in spherical coordinates

31y Ol , 0f Podf, Py Of (0® Py Py yOf (a® Py30)of @ of
T ot “ror 200 252909 ‘or P rPsin’e apr 00  r%sin*9’ dp, ¢ 0dp,
Integrals over momentum coordinates Integrals over spatial+momentum coordinates
%) 0 2 od > oo (35 BIwZ(R)vz (R)RdR= 2] dq’( )r3dr
c >(32) LviptpLas pv 12=0 2 (3.5) 3 ros olr
=N or ' or O
o - =
i 2 ,1dD
8. V(3.3) aar(pv) 2B +3/)‘2—q)v =0 3 (B6) J2vieRar=2], p 5f) .
c [
(SR (3.4) 4 pviv +rai(pv v+ p%—q)vzr pvi=0 > (3.7) J. =vigRdR=2] pv ( sf)

B=—(vi+v)I(2v)+1  B'=1-3v’vZ/(2v})

profiles parameters



Density profiles — Jeans analy

u2 2 ” T o) © do(r
(32) %VfP+P%;?+%pV32[3=O (35) 3.[.0 Z(R)VLOS(R)RdRZZJ‘O p(r) dr( )r3dr
['e] 4 _ o0 - _z dq) 3
(36) fo 2VLostR—ZJ‘O pvr(l Sﬁ)_dr r’dr

vt © 3 6 ,|dd
(1) [ 2ViR ar=2f] vl 1- S| 42 Far
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Density profiles — Jeans analy

]_ o VA 0 3
(3-2) aa 2P+P%®+ ov:2B=0 (3.5) 3/ =(R)V.s(R)RdR=2 [ p(r)dcgr(r)r dr
(3.6) [, =viesRdR=2[] pv (1—%/3)‘2—?#&

O = =l 6 \dd
(3.7) foZviOSRSdRZZIOpvf(l—;/g’)?rsdr
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Density profiles — Jeans

(3.2) aa v p+,0%q)+ pv:28=0 (3.5) BIfE(R)viOS(R)RdR:Zffp(r)dczr(r)ﬁdr
2 \dd 3
« Choose parametrizable profiles for py,,, p, and B (3.6) Ji=viesRar=2[,p (1_§ﬁ)?r dr

-®
Pow (3.7) [, =visRdR=2] pv (1—;/3)62—;1)r5dr
o) with 3.2: V2 _ projecting along LOS: V2,
B
« Infer v? s from observation and compare to
calculation

Standard Jeans analysis



Density profiles — 6

03, 0D do(r)

(3.2) pp G v o+ p L= ppe +-— pv 224=0 (3.5) BJ‘:E(R)viOS(R)RdR:ZJ': o(r) - redr
_2,)dP
e Choose parametrizable profiles for p,,,, p, and 3 (3.6) f 2Vi0s RAR= ZI (1 Sﬁ) ar dr
-®
Pow (3.7) [ =visRdR=2]_ pV; 1—;/3 dd—(:)rsdr
P with 3.2: V2 -, projecting along LOS: V2 ¢
0 *  Similarly, with the same parametrized profiles:
— . Pom — ®
« Infer v? s from observation and compare to
calculation P rhs of above equations
B
* Infer the lhs from observation and compare
Standard Jeans analysis Estimation with Virial parameters




Density profiles — Read-St

 Based on Jeans analysis+Virial shape estimators

e Parametrization:

Stellar velocity-anisotropy

r? 10'°f

(4.1) Br)=(B.=Bo) =—+Ps
g o8t

N Plummer spheres =

= 7l

N, 3M; [ 2| 2 10°¢

(r)=2.. Li1+— = :

(4.2) pr)=2, Py = o]
10°]

r )‘ Yo 0.01 0.05 0.10 0.50 1
r [kpc]

(4.3) Pou ()=

13/21
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Density profiles — Read-

" 0.05 0.10
r [kpc]

0.50

1

P W W . N

02 04 06 08 1.0
r [kpc]

1.2

* Grey lines represent the half-light radius associated with minimal uncertainty in the mass profile.®

 We extend the profiles in order to get more accurate escape velocities

Jul 14, 2020

14/21



Mass Bound |

80
60
: :
* With the Tremaine-Gunn bound from before §40 B
g @)
20 — escape velocity original Ay,
3 9 14 — escape vellchty :in=vi‘r)i;: radius
— escape velocity Ryn=100kpe
(5.1) s Hf_ﬁ(r)) 0 | | |
0.01 0.10 1 10 100
9 Vi (1) o
e Calculate escape velocity as 40
@ 30 -
Ry M(r' 2G M (R4, £ o)
(52) visc(r):ZGf (’; )dr'+ ( = ) §20 3
’ r' Redge z
— escape velocity original Ry,
10 — escape velocity Ry, =virial radius
—— escape velocity R5,=100kpc
0 . . .
0.01 0.10 1 10 100
r [kpe]
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Mass Bound I

Leoll

« With the Tremaine-Gunn bound from before -
1) m= h6n_p<r>) M
9 Vaer (1) \
- For Leoll: \
(5.3) m=>1875 eV
Jul 14, 2020
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VI ERETER

m=10 keV, B0=1.125«10%-7), E:'I."BDH{] m=10 keV, BO=1.125«10%-7), 5:1.",BD+3{]
108}

a8 18 10t

= =3

Q 1 = 1l

1D_4 . . . . . . . ] 1D—4 ! . ! s ! \ !
0.1 10 1000 10° 0.1 10 1000 10°
r [pc] r [pc]
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Miscellaneous I

Ex107

1x107 |

5x10% [

M [Msun]

1210°

5x10° |

12107 |

5x10% |
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Miscellaneous IV

pirl
(c) Plummer, wikipedia/Lipschitz~enwiki
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